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A MULTIPLICITY RESULT FOR DOUBLE SINGULARLY 
PERTURBED ELLIPTIC SYSTEMS 

MARCO GHIMENTI AND ANNA MARIA MICHELETTI 


Abstract. We show that the number of low energy solutions of a double 
singularly perturbed Schroedinger Maxwell system type on a smooth 3 dimen¬ 
sional manifold (M, g) depends on the topological properties of the manifold. 
The result is obtained via Lusternik Schnirelmann category theory. 


1. Introduction 

Given real numbers q > 0, u> > 0, p > 4, we consider the following system of 
Schroedinger Maxwell type on a smooth manifold M endowed with a Riemannian 
metric g 

{ —£ 2 A g u + u + ujuv = \u\ p ~ 2 u in M 
—e 2 A g v + v = qu 2 in M 

u > 0 in M 

where A g is the Laplace-Beltrami operator on M. 

We want to prove that when the parameter e is sufficiently small, there are many 
low energy solution of ©• In particular the number of solutions of (JT]) is related to 
the topology of the manifold M. We suppose without loss of generality, that the 
manifold M is isometrically embedded in R n for some n. 

Here there is a competition between the two equation, since both share the same 
singular perturbation of order e 2 . In (lQl I TT ] we dealt with a similar system where 
only the first equation had a singular perturbation. In this case the second equation 
disappears in the limit. In Section 12.11 we write the limit problem taking care of 
the competition, and we find the model solution for system ©• 

A problem similar to ©, namely the Schroedinger-Newton system, has been 
studied from a dynamical point of view in [9]. Also in this paper the two equation 
have the e 2 singular perturbation. 

Recently, Schroedinger Maxwell type systems received considerable attention 
from the mathematical community, we refer, e.g. to © ei ca ei la is nans], a 
special case of Schroedinger Maxwell type systems, namely when the system is set 
in R 3 , takes the name of Schroedinger-Poisson-Slater equation and it arises in Slater 
approximation of the Hartree-Fock model. We want here to especially mention some 
result of the existence of solutions, i.e. © 0 Hang ezi, since the limit problem © is 
a Schroedinger-Poisson-Slater type equation, (for a more exhaustive discussion on 
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Schroedinger-Poisson-Slater and on the physical models that leads to this equation 
we we refer to mm and the references therein). 

Our main results is the following. 


Theorem 1. Let 4 < p < 6. Fore small enough there exist at least cat (M) positive 


solutions of W- 

Here we recall the definition of the Lusternik Schnirelmann category of a set. 

Definition 2. Let X a topological space and consider a closed subset A C X. We 
say that A has category k relative to X (catx A = k) if A is covered by k closed 
sets Aj, j = 1 ,,k, which are contractible in X , and k is the minimum integer 
with this property. We simply denote cat X = cat.Y X. 

2. Preliminary results 

We endow H 1 {M) and L P (M) with the following equivalent norm 



and we refer to H e (resp. L p ) as space H l (M) (resp. L p ) endowed with the || • || £ 
(resp. | • | £jP )norm. Obviously, we refer to the scalar product on H e as 

(• u,v) £ =— f e 2 XuS7v + uvdpg. 

£ Jm 

Following an idea by Benci and Fortunato |5J, for any e we introduce the map 
if e : H 1 (M) —> H 1 (AI) that is the solution of the equation 

(2) — e 2 XgV + v = qu 2 in M 

Lemma 3. The map if : H 1 {M) —>• H 1 {M) is of class C 2 with derivatives if'(u) 
and if" (u) which satisfy 


-£ 2 Agif' e (u)[ip\+if' e (u)[(p] = 2 quip 

+if"(u)[<pi,<P2\ = 2q(p 1 ip 2 


( 3 ) 

( 4 ) 


for any ip, ipi, ip 2 G Moreover if e (u) > 0. 

Proof. The proof is standard. 


□ 


Remark 4. We observe that by simple computation, for any t > 0 we have that 
if E (tu) = t 2 if e {u). In fact, if if e {u) solves ©, multiplying by t 2 both sides of © 
we get the claim. 

Lemma 5. The map T e : H e — t K. given by 



is a C 2 map and its first derivative is 
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Proof. The regularity is standard. The first derivative is 

T e( u )[p\ = 2 J U<pif s (u) + j U 2 -lf' e (u)[ip\. 

By Q and (J5J| we have 

2 J utpijj e {u) = ^ {-s 2 j A(ip' e (u)[ip\)ip s {u) + J ip' £ (u)[(p]ip e (u)j 

= ^ (~ £2 / + J 

= J fp'e(u)[^]u 2 

and the claim follows. □ 

At this point we consider the following functional I e £ C 2 (H e , R). 

( 5 ) I e {u) = \\\u\\l + jG e {u)~ l -\u + \l P 

where 

G e {u) = \ [ u 2 if e (u)dx = T e (u ). 

£1 in £ 

By Lemma [5] we have 

I' e {u)[<p\ = — [ e 2 Vu\7ip + iup + Lumjj E (u)ip — (u + ) p ~ 1 ip 
£ in 

= IMIe + UlG e {u) - \u + \l p 

then if u is a critical points of the functional I £ the pair of positive functions 
(u,t/j e (u)) is a solution of (dj. 

We define the following Nehari set 

i\4 = {u £ H\M) \ 0 : N s (u) := I' e (u)[u\ = 0} 

The Nehari set has the following properties (for a complete proof see [XD]) 

Lemma 6. If p > 4, Af e is a C 2 manifold and infjy e ||n|| £ > 0. 

If u £ Af s , then 

J -(“) = Q - 1 ) ii“ i;+" (j - j) °.(“) 

= jiK+ (}-;) 

and it holds Palais-Smale condition for the functional I e on Af s . 

Finally, for all w £ H 1 (M) such that |'ui + | ElP = 1 there exists a unique positive 
number t e = t e {w) such that t e (w)w £ Af e . The number t e is the critical point of 
the function 

H(t) = I e (tw) = ^t 2 \\w\\ 2 e + ju;G e {w) - f —. 
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2.1. The limit problem. Consider the following problem in the whole space. 

{ — Ait + u + umv = \u\ p ~ 2 u in R 3 
—An + v = qu 2 in R 3 

u > 0 in R 3 

In an analogous way we define the function V’oo(u) as a solution of the second 
equation and, as before, we can define a functional 

where G(u ) = f R3 u 2 ipoo(u)dx and the Nehari manifold Afoo = {u G 7J 1 (R 3 ) \ 0 : /^,(w)[u] = 0} . 
It is easy to prove (see m) that the value 

TOoo = inf loo 

Moo 

is attained at least by a function U which is a solution of problem ©. 

We will refer at problem © as the limit problem. We set 

i/,M = u (§) 

and the function U E will be the model solution for a solution of problem ©. 

3. Main ingredient of the proof 

We sketch the proof of TheoremQ] First of all, it is easy to see that the functional 
I e G C 2 is bounded below and satisfies Palais Smale condition on the complete C 2 
manifold Af e . Then we have, by well known results, that I E has at least cat 
critical points in the sublevel 

if = {u G H 1 : I E (u) < d} . 

We prove that, for e and 6 small enough, it holds 

cat M < cat (Af e D J e m “+‘ 5 ) 

where moo has been defined in the previous section. 

To get the inequality cat M < cat (Af s D I™“ +5 ) we build two continuous oper¬ 
ators 

: M Af E D J e m “+' 5 
P : A4n7 e m “ +S ^M + . 

where 

M+ = {x G R" : d(x, M ) < R} 

with R small enough so that cat(M + ) = cat (M). Without loss of generality, we 
can suppose R = r the injectivity radius of M, in order to simplify the notations. 

Following an idea in [3], we build these operators <I> e and /3 such that f) o <4 : 

M —> M + is liomotopic to the immersion i : M —> M + . By a classical result on 
topology (which we summarize in Remark © we have 

cat M < cat (Af e n J e m “+‘ 5 ) 

and the first claim of Theorem [T] is proved. 
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Remark 7. Let X\ and X 2 , X 3 be topological spaces with X\ and X 3 which are 
homotopically identical. If g\ : X\ — > X 2 and gi : X 2 —> X 3 are continuous 
operators such that g 2 o gi is homotopic to the identity on X\ , then cat X± < cat X 2 


4. The map $ e 


For every £ £ M we define the function 

(8) W^ e (x) = U E (exp^ 1 x)x(\ exp^ 1 x|) 

where x '■ R + —3> R. + is a cut off function, that is x = 1 for t £ [0, r/2), x = 0 for 
t > r and ]x / (t) I < 2/r. Here exp E are the normal coordinates centered in £ £ M 
and r is the injectivity radius of M. We recall the following well known expansion 
of the metric g in normal coordinates: 

(9) 9ij(ez) = Sij + o(s\z\) \ g(ez)\i = 1 + o(e\z\) 

We can define a map 

: M —»• M e 

MO = t E (Wt,e)Wt,e 

Remark 8. We have that W e £ £ H l (M) and the following limits hold uniformly 
with respect to £ £ M 

||W4,dU -> II^IIhhr 3 ) 

|^e,||e,t II^IIl^R 3 ) f° r all 2 < t < 6 

Lemma 9. We have that 

lim Gr(W e j) = G(U) = f qU 2 ip(U)dx 

e ^° ’ J R 3 

uniformly with respect to £ £ M 


Proof. We set, for the sake of simplicity, if £ (x) := ip e (W e ^)(x), and we define 

i>e( z ) = i’e(exp i (£z))Xr(\sz\) for 2 £ K 3 

It is easy to see that ||'f/’ E ||iL 1 (R 3 ) < Cj|^ e || £ . Moreover, by @ 

\ml < C\\W e ,d%,Me\U < G||t/|| 2 ¥ I|^|| E 

so 'tp £ is bounded in H 1 ( R 3 ) so there exists 1 /; £ IL 1 (K 3 ) such that, up to extracting 
a subsequence, ijj ek —*• weakly in ff 1 (R 3 ). 

First, we want to prove that ip is a weak solution of 

—Ac + v = qU 2 

that is tj) = ipooiU). Given / £ Cg°(R 3 ), we have that the spt / C 13(0, T) for some 
T > 0, so eventually spt / C 13(0, r /£k)- Thus we can define 

fk{x) := / (—exp^a:)^ 

and we have that fk(x) is compactly supported in B g {f,r). By definition of ip e (x) 
we have that 

’ ^gi’e^gfk + 4 >ejkdp g = q / W ek ^fkdp g . 

M J M 


(10) 
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By the change of variables x = expc(efcz) and by ([9]) we get 


1 f 

£ l Jm 


£ k^ g^Sk^gfk + kfkd^g 


L 


I B(0,T) 

thus, by weak convergence of ip e we get 


gi j {£kz)di^ ek {z)d j f{z) + i> ek {z)f{z) \g{e k z)\ 3 dz 

B(0,r/e k ) 

VVtr fe (z)Vf(z) + t[) ek (z)f(z)dz + o(e k ) 


( 11 ) 


1 f 

£ k JM 


£ k JM 

as £k —> 0. In the same way we get 

Q_ 

p 3 i 

£ k Jm 


£ lV g 1pe k Vgfk + 4>e k fkdHg ->• / Vljj{z)Vf(z) + 4>(z)f(z)dz. 


|-f w e k ,ifkdg-g = q [ U 2 (z)f{z)\g{e k z)\ 3 dz = q [ U 2 {z)f{z)dz + o(e k ) 

k JM J B(Q,r/ek) 


and 

( 12 ) 


£ l JM 


KtfkdUg -> 9 f U 2 (z)f(z)dz. 
Jr 3 


By (flOl) . (fill) . (fl2l) we get that, for any / G C { 


it holds 


/ 

Jr 3 


Vi/’V/ + iff = q f U 2 f 
Jr 3 


which proves that 

(13) if £k ipoo(U) weakly in U^R 3 ) 

To conclude, again by change of variables we have 

^*(WW) = 4 / 

£ k JB a (t,r) 

Since U 2 £ L 6 / 5 (R 3 ) one has 

U 2 {z)x 2 {\ekz\)\g{e k z)fi -A U 2 (z) strongly in L 6 / 5 (M 3 ), 
that, combined with (fT3l) concludes the proof. 


W e k ,^( W e k ,iWg = [ U 2 {z)x 2 (\£kz\)i> £k \g( £ k z)\ 3 dz. 
Jr 3 


□ 


Proposition 10. For all e > 0 the map <h £ is continuous. Moreover for any S > 0 
there exists £o = £q( 5) such that, if e < £o then I £ (<h £ (£)) < m oo + S. 

Proof. It is easy to see that >I> £ is continuous because t £ (w) depends continuously 
on w £ Hg(M). 

At this point we prove that t E (W e %) —> 1 uniformly with respect to £ £ M. In 
fact, by Lemma [S] A (W^) is the unique solution of 

t 2 \\W £>( \\ 2 +u>G e (tW e ,t) - t*\W e ,t\* tP = 0 

which, in light of Remark |4] can by rewritten as 

IIWe,file +^ 2 G e (W £ , S ) -tP~ 2 \W £ti \l p = 0 

By Remark [H] and Lemma [9] we have the claim. In fact, we recall that, since U is a 
solution of £7]) it holds ||C/||^i (R3) + wG(U) - |[/|^ p(R3 j = 0. 

At this point, we have 

I £ (t e (W e ,t)W e ,t) = Q - \\W £ ^\\ 2 s tl + u;(^-^jtiG £ (W £ ^ 
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Again, by Remark [8] and Lemma [9] and since t e (W E ^) -> 1 we have 

h (t e (W^)W e ,s) -»■ Q - ||C/f ffl(R3) + w Q - G(U) = moo 
that concludes the proof. □ 

Remark 11. We set 

m e = inf I E 
J 

By Proposition [TUI we have that 


(14) 


limsupm e < moo. 
£—>-0 


5. The map /3 


For any u £ Af E we can define a point f3(u) £ M" by 

f M x T(u) d Hg 


P{u) = 


!m r ( u Wg 


where r(u) = — ij p-|u + | p — jdju 2 ip e (u). Immediately one has that the func¬ 

tion /? is well defined in Af E , since f M T(u)d/j, g = I E (u) > m e 

Lemma 12. There exists a > 0 such that m e > a for all e. 


Proof. Take w such that 
we have 

Ie(t e w) 


|^ + |e,P = 1, and t E = t E (w) such that t e w £ Af e . 





By © 


Moreover, we have that infi^+L P=1 t e (w) > 0. In fact, suppose that there exists a 
sequence w n such that |ru + | ejP = 1 and t £ (w n ) —» 0. Since t e (w n )w n £ Af e it holds 


1 = I W1 


1 


—o Iknlle + uG e {t s (w n )) > 


1 


-oWVnWl 


t E (w n )P- 2 " n " £ EV - t E ( Wn )P~ 2 ' 

Also, we have that there exists a constant C > 0 which does not depend on e such 
that \w+\ EtP < \w n \ E , p < C\\w n \\ E , so 

1 


1 > 


+ CX) 


Ct E (w n )P ~ 2 

that is a contradiction. This proves that m E > a for some a > 0. 


□ 


Now we have to prove that, if u £ Af e n /J 1 =+' 5 then j3(u) £ M + . 

Let us consider the following partitions of M. For a given e > 0 we say that a 
finite partition^ = {Pj}j eA of M is a “good” partition if: for any j £ A e the set 
PJ is closed; PfflPJ C dPfddPf for any* ^ j; there exist ri(£),r 2 (£) > Osuchthat 
there are points gj £ PJ for which B g (q^,e) C PJ C B g (q E , r 2 (e)) C B g {q E ,r 1 [e)), 
with n(e) > r 2 (£) > Ce for some positive constant C ; lastly, there exists a finite 
number v(M) £ N such that every J £ M is contained in at most v(M) balls 
B g (qj, r i(e)), where v(M) does not depends on s. 
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Remark 13. We recall that there exists a constant 7 > 0 such that, for any <5 > 0 
and for any £ < £o(<5) as in Proposition fTOl given any “good” partition V E = {P?} 

of the manifold M and for any function u £ Af e f~l there exists, for an index 

7 a set P-. such that 
J 0 

(15) — f \u + \ p dx > 7 . 

£ J J Pi 

3 

Indeed we can proceed verbatim as in Lemma 12 of m, considering that, since 
I'(u)[u\ = 0, 

Ml* = cousin) <\u + \lr 

e J M 

= ^ m f x {\ u t\e7p 2 }J2\ U t^-P 

j j 


where ulf is the restriction of the function u + on the set Pj, and arguing as in 
Lemma 5.3 of |3j, we obtain that for some C > 0 it holds 1 p < Ci'||'u + || 2 , 

and there the proof follows since 


max 

j 


{|u+l p " 2 


3 le.P 


}> 


1 

Cu' 


Proposition 14. For any rj £ (0,1) there exists 5 0 < rrioo such that for any 5 £ 
(0,5o) and any £ £ (0,£o(5)) as in Provosition \ 1 (A for any function u £ J\f e CiIff L °° +s 
we can find a point q = q(u) £ M such that 


L 


B g (q,r/2) 


T(u) > (1 - 77 ) Woo. 


Proof. First, we prove the proposition for u £ M e H /™e+ 2<5 . 

By contradiction, we assume that there exists rj £ (0,1) such that we can find 
two sequences of vanishing real number S 7 . and e k and a sequence of functions {uk} k 
such that u k £ M Ek , 

(16) 

m. Ek < I Ek {u k ) = Q - \\u k \\l k +uj Q - ^ G Ek (u k ) < m Ek +2S k < Woo + 34 
for k large enough (see Remark fill) . and, for any q £ M , 


/ r(M fc ) < (1 — 77) m OO • 

dB g (q,r/2 ) 

By Ekeland principle and by definition of J\f Ek we can assume 
(17) \l' ek (u k )[tp]\ < crfc ||V^lUfe where a k -+ 0. 

By Remark ITTil there exists a set P^ k £ V Ek such that 

4 [ , H\ Pd ^g > 7 , 

£ k JP k k 

so, we choose a point q k £ P k k and we define, in analogy with the proof of Lemma 

El 


W k (z) := u k {exp qk (£ k z))x(e k \z\) 
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where z G B(0,r/sk) C R 3 . Extending trivially w k by zero to the whole R 3 we 
have that w k G H 1 (M 3 ) and, by (fTfil) . 

Il^feII tt 1 (m 3 ) — C|l u fe||£ fc < C. 

So there exists a w G H 1 ( R 3 ) such that, up to subsequences, w k —> w weakly in 
H 1 ( M 3 ) and strongly in L\ oc ( R 3 ) for 2 < t < 6. Moreover we set iph{%) '■= ipe(uk){x) 
and ipk = ' 0 fc(exp (?fc (efez))x(efc| 2 |). Arguing as in Lemma|]we get that ip k —>• ipoo{w) 
weakly in iJ 1 (M 3 ) and strongly in L\ oc { R 3 ) for all 2 < t < 6. 

Again, given / G C^°(R 3 ), with spt / C B{ 0, T) for some T > 0 we can define 

fk(x) ■■= f 

and, by m3 we have [/*,]] -A 0 as k —> oo. Now, by change of variables we 

have 


J- Ek \fk ] — 3 f £ k V gU k Vgfk A U kfk T fk fkd(J>g 

£ k J M 

= 9ij(ek)diW k djf + w k f + u>qw k xjj k f - ) p_1 / |g(£ fc ^)|^d2; 

Jb(o,t ) L J 

= / Vw k Vf+ Wkf+ uqwk$kf-(wt) p - 1 f dz + o(ek) 


—>• 


[ Vw^f+ wf+ u}qwip oc (w)f - (w^) p 1 fdz = I' 00 (w)[f] 
J R 3 


and, by (ED- we get that re is a weak solution of the limit problem dTJ) and that 
w G A/"oo- By Lemma [Till and by the choice of q k we have that w ^ 0, so w > 0 and 
-loo (rO A moo- 

Now, consider the functions 


: = |r(exp gfc (£fe2:))|5 gfc (£fc2)| 2lp lB 9 ( gfe ,r) 

where I B ( qfc)r ) is the indicatrix function on B g (q k ,r). Since \u k \ E}P is bounded, 
then hk is bounded in L p ( R 3 ) so, it converges weakly to some h G L p ( R 3 ). We have 
that h = |w + |p. Take / G Co°(R 3 ), with spt / C B(0,T) for some T > 0. Since, 
eventually B(0,T) C B{0,r/2e k ), |u^|p (exp 9fc (s k z)) = on 13(0,T). Moreover, 

on B(0,T) we have that (^z)! 2 ? = 1 + o(£fc). Thus, since w k — 1 w in L P (R 3 ) 
we get. 

f h k fdz —>• [ \w + \rfdz 
Jr 3 Jr 3 

for any / G Co°(R 3 ). In the same way we can consider the functions 

jk = ^3 [gij{e k z)diU k (exp qk (e k z))d j u k (exp qk {e k z))\g qk {e k z)\^j 2 I Bs ( gfc , r ) 

1 i i 

h ■= ^31Wfc | 2 (exp gfe (s k z)) \g qk (s k z) | 4 (gfe>r) 

We have that j k ,l k € L 2 (R 3 ) and that j*, —*■ |Vio|^, l k — 1 |tn|5 in L 2 (R 3 ). Thus we 
have 
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At this point, since w G Afoo and by (flfil) we get 

Woo <iooM = \\H\m + (j “ ^ \ W+ \p 

- 1 feS f i l|jfc|l * 2 + 3 l|ifc| ^ a+ (i"i) |/lfc| p 

<\hk\\l + l u fe Ip ^ m °° + 3<5 fc 

so we have that in is a ground state for the limit problem ([7]l. 
Given T > 0, by the definition of Wk we get, for k large enough 


( 18 ) [ 
JE 


B(0,T) L 


5 


g{ekz)dz 

4 / (\ - (AY ~ ^lMuk)dn g 

£ JB(q k ,e k T ) V 2 PJ 4 

= / r(iifc)dir < / r(itfc)da: < (1 — 17) to c 

JB(n k ,e k T) JB(n k .r/2) 


' B(q k ,e k T) JB(q k ,r/2) 

and, if we choose T sufficiently big, this leads to a contradiction since Wk —> w and 


4>k -> 4>oo(w) in A‘(i3(0,T)) for any T > 0. Since = Ioo(w) = (5 - \w 


+ |p_ 


jG(w), it is possible to choose T such that (fT51) is false, so the lemma is proved for 
u G A4 m™ e+2S . 

The above arguments also prove that 

liminf m ek > lim I ek {uk) = moo- 

k—> 00 k—t 00 

and, in light of (fT4l) . this leads to 

(19) lim m e = m-oo. 

£—^0 

Hence, when e,5 are small enough, A f e H I™°°+ 5 c A4 (~l /™e + 2<5 and the general 
claim follows. □ 

Proposition 15. There exists So G (0,moo) such that for any S G (0,5o) and any 
£ G (0,e(i5o) (see Proposition \70\), for every function u G A4 (~l it holds 

f3(u) G M + . Moreover the composition 

13 o : M -A M+ 

is s homotopic to the immersion i : M —> M + 

Proof. By Proposition [21 for any function u G Af e (~l I™°°+ s , for any 77 G (0,1) and 
for e, 8 small enough, we can find a point q = q(u) G M such that 


L 


'B(q,r/ 2) 

Moreover, since u G A4 H we have 


T(it) > (1 - 77) moo- 


I e {u) = / T(it) < m 00 + 5- 

J M 
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Hence 


\0(u)-q\ < 


< 


< 


f M ( x ~ g) r ( M ) 

Im R u ) 

Im T ( u ) 


e 3 fM^B(q,r/2)( X ^)^( u ) 

f M r ( U ) 


7 - + 2 diam(M) 


1-77 A 

1 + (5/moo / 


and the second term can be made arbitrarily small, choosing 77 , 5 and e sufficiently 
small. The second claim of the theorem is standard. □ 
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